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XVI. 

ON THE GROUP OF AUTOMORPHIC LINEAR TRANS- 
FORMATIONS OF A BILINEAR FORM. 

By Henry Tabeb. 

Presented February 11, 1891. 

§ 1. Alternate Bilinear Form. 

1. In the Philosophical Transactions for 1858, Cayley gave the 
following identity between two matrices, viz.: — 

(O — Y) (Q + Y)" 1 Q (O — Y)" 1 (O + Y) = Q. 

From this identity Cayley derives the general solution of the matrical 
equation $ Q <j> = O, in which O is a skew symmetric matrix and </> 
denotes the transverse of <f>. Thus for <j> Cayley gives the expres- 
sion 

(fi - Y)" 1 (O + Y), 

in which Y is an arbitrary skew symmetric matrix, but such that 

| Q - Y | + 0. 

From this expression may be derived 

4>=(n-Y) (Q + Y)- 1 ; 

therefore, substituting, the above equation is satisfied identically. 

As shown by Cayley, the solution of this equation is equivalent to 
the determination of the automorphic linear transformation of the 
alternate bilinear form 

A A 

(12) (x» x 2 , . . . ) (yi, y 2 , . . . ), 

the a:'s and y's being cogrediant. 

Cayley's expression gives every solution with non-vanishing deter- 
minant of the equation <£ fl <j> = fi, except those of which —1 is a 
latent root (root of the characteristic equation). If | Q | ^= 0, and 
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if <f> satisfies the above equation, | | ^= 0. In what follows it will 
be assumed that the determinant of the skew symmetric matrix 12 
is not zero. 

Since the product of any two matrices satisfying the equation 
<jb Q <f> — fi is again a solution of this equation, the matrices satisfying 
this equation form a group. This group can be generated by the 
solutions of the equation given by Cayley's expression.* For every 
solution of the equation <£ 12 <f> = 12 is given by the product of four 
of Cayley's expressions. See (2) and (10). 

The group of solutions of the equation <j> 12 <f> = 12 can be generated 
by the matrices of the group which differ infinitesimally from tb« 
matrix unity ; for, see (2) and (5), every solution given by Cayley's 
expression can be formed by the product into itself an infinite num- 
ber of times of a solution (given also by Cayley's expression) which 
differs infinitesimally from the matrix unity. 

The group of matrices satisfying the equation <£ 12 <£ = 12 is identi- 
cal with the group of linear substitutions which automorphically trans- 
form the alternate bilinear form 

A A 

(12) (*!, x 2 , . . . ) (y 1( yi, . . . ), 

in which the it's and y"s are cogrediant. Therefore, this group can be 
generated by the infinitesimal transformations of the group, namely, 
those differing infinitesimally from the identical substitution. 

2. The proof of these theorems relating to the group of solutions 
of the equation <f> 12 <j> = 12 may be made to depend upon the proof 
in the special case in which the skew symmetric matrix 12 is also 
orthogonal (i. e. if O 2 = —1). 

Thus, let 

<j> 12 <t> = 12. 

If 12 2 -£ —1, let m denote any fourth root of — 12 2 expressible in powers 
of 12 2 ; then io is symmetric and is commutative with 12. Therefore, 
, ~ 12 _, 12 

or or 

12 

If ij/=. (oxjxiT 1 , 12' = — 2 , this becomes 

^12'l/r = 12', 



* This has been proved otherwise by Frobenius Crelle, 1878, who shows that 
every solution of the equation <£ G <p = O which is not given by Cayley's expres- 
sion is given by the limit of this expression when the symmetric matrix If 
becomes infinite. 
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in which 12' = —12', and 12' 2 = — 1. If i/» is given by the product of 
four such expressions as 

(0'-Y')- 1 (0'+ V), 
in which Y is symmetric ; then since this expression is equal to 

= o> (12 — w Vw)- 1 o. . a)" 1 (O + wYw) ft)" 1 
= o) • (12 - Y)- 1 (12 + Y) • of" 1 , 

in which Y = wY'w is symmetric ; therefore <£ = w -1 ^ is the pro- 
duct of four of Cayley's expressions. 

Further, if <f> is a solution of the equation <f>£l<f> = 12, given by 
Cayley's expression, then \j/ = oxf>oi~ l is a solution of the equation 
tj/il' ij/ = Of given by Cayley's expression. Therefore, if </r is equal to 
the product into itself an infinite number of times of a solution of the 
equation i^ 12' i^ = 12', differing infinitesimally from the matrix unity, 
<£ is equal to the product into itself an infinite number of times of a 
solution of the equation <f> 12 <£ = 12, differing infinitesimally from the 
matrix unity.* 

3. Let now <f> be any solution of the equation $ 12 <l> = 12, in which 
42 = —12, and 12 2 = —1 (and therefore 42 12 = 1). The complete de- 
termination of <£ may be obtained by the consideration of the identity 

e-o«i2e 90 = O, 

in which e 0a denotes the exponential series 2 r - — ~- , convergent for 

any matrix. Thus, let —12 be a polynomial in <£, satisfying the 
equation <£ = tr at . We then have <j> = e Sa ; but the identity gives 
</> = e« n . Since —120 is a polynomial in <£ #12 is a polynomial in <£; 
and since <f>- 1 = 12- J ,£12, 012 = 12" 1 (12 0)12 is also a polynomial in <f>. 
Consequently, 012 and 012 are commutative. Therefore, 

e (»-X)a _ e «a e -ea — e ea # ( e £n)-i _ ^-i _ 1# 

* Moreover, if is a solution of the equation <p ft <p = ft, given by Cayley's 
expression, it may be given the exponential representation e en in which is 
symmetric. For any symmetric matrix $, e ea is a solution of the equation 

ft <p = ft. Therefore, for any integer n, e*' ° is a solution. But (e» ')" = e* = <p. 
Whence the theorem. See note to (5). 
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4. Conversely, if is any matrix for which d£ld = Oil 6 and 
e («— ») a __ i f t nen ^, _ e «a ; s a solution of the equation <fr£l<f> = Q. 
In particular, if is symmetric, e ea is a solution of this equation, and 
so also is e» °, in which n is any positive integer. But (e» fln ) n = e ea . 
Therefore, every expression c*° in which 6 is symmetric is a solution 
of the equation <j>il(j> = Q, and can be generated by the product into 
itself an infinite number of times of a matrix which is a solution of 
this equation, and differs only infinitesimally from the matrix unity. 

Let <j> = e ea in which 6 is symmetric. If the positive integer n is 

sufficiently great, no odd multiple of tt -vA— 1 is a latent root of - 6 fi ; 

and therefore —1 is not a latent root of e* ea . But </> = (e« 0a )\ 
Therefore, <f> is the nth power of a matrix given by Cayley's ex- 
pression. 

5. Every solution of the equation <f>il<f> = O, given by Cayley's 
expression, can be put in the form e ta in which 6 is symmetric. Thus, 
let 

<£ = (O - Y)- 1 (O + Y) 

= Or 1 . (1 - YO- 1 )- 1 (1 + Yfi- 1 ) . O, 

in which Y is symmetric. If now & =/( — YO -1 ) is a polynomial in 
— YO -1 , satisfying the equation 

e»' = 1 — YOr\ 
then &" =/(YO _1 ) will satisfy the equation 
e»" = 1 + YIT 1 .* 

* Since | <f> 1 4= 0, and therefore 1 1 - T fl- 1 1 £ 0, 1 1 + Tft- 1 1 £ 0, such 

polynomials in — Tfl- 1 and Tfl -1 can always be formed; and if «/l — *° ' 
= 1 — Tfl- 1 , equating the transverse of either member, we have 

e /(n->v) = 1 + n _ lT- 



That is, 



Therefore, 



_, e /(Yfl-') n = e o-'/(vo-')n 
_ /(D-'.Yir'.n) 
= e /(n-'Y) 

= l + a-ir 

= a- 1 (i + r n-i) a. 

e /(vo-') = 1 + Yft -i. 
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Since &'&" = &"&', we have 

<f> = rr 1 (e»') _1 e»" a 

= ar l e-»'e»"Q 

— e o-i(-y+*")o 

But — & + Q" is a polynomial in odd powers of Yfi -1 ; and 
since I2~ 1 (YO _1 ) 2 '■ +1 for any positive integer r is symmetric, 
Q~ 1 ( — &' + ■&") H is the product of a symmetric matrix into Q. 

Whence it follows that every solution of the equation </> O <^> = Q 
given by Cayley's expression is the product into itself an infinite 
number of times of a solution which differs only infinitesimally from 
the matrix unity.* 

6. Assuming that 6 O is a polynomial in <£ satisfying the equation 
c£o<£ = Q, let $ = e*(»+*)o and <j> = ei(«-»)n. Then, by (3), 

and, by (3) and (4), 

By (4), <f> is the product of matrices given by Cayley's expression. 
But the matrix 6 may be so chosen that no integer multiple of 
■k \J— 1 other than zero is a latent root of \ (B + 9) 0> in which case 
$ is given by Cayley's expression.f 

* In the three preceding sections (3), (4), (5), the assumption O 2 = —1 has 
not been employed in the demonstration. The theorems therein given, there- 
fore, hold for any skew symmetric matrix whose determinant does not vanish. 

t It is readily shown that <p is given by the square of Cayley's expression. 
For if some integer multiple of 2 ir \/— 1 other than zero is a latent root of 
8Cl, a matrix e' CI also a polynomial in <j> can be found, of which no integer 
multiple of 2 *• /\J — 1 other than zero is a latent root, such that <j> = e* n = e*' o. 
But then no integer multiple of 2 » -y/ — 1 other than zero is a latent root of 

Cl e' and therefore of 9' O. Consequently, no integer multiple of T \>~ other 

of o fit o 

than zero is a latent root either of — — or of — — . Whence it follows that —1 

4 4 

is not a latent root either of e$ »' a or e* »' n ; and since these matrices are com- 
mutative, —1 is not a latent root of their product. Therefore, «*(«' + »')° is 
given by Cayley's expression, and 4> — e*(#'-t-«')° by the square of Cayley's 
expression. 



376 PROCEEDINGS OP THE AMERICAN ACADEMY. 

7. If <j> is symmetric, 12 + 12 = 0, and therefore <f>o = <f> . Let 

then © = — ©, ® 12 © = (2 ; moreover, © 2 = — 1. Consequently, © is 
given by Cayley's expression ; and therefore 

<£ = <£ a = i2- 1 ©0 

is the product of three of Cayley's expressions. 

8. If <j> is orthogonal, it is commutative with 12 ; therefore 8 and 6 
are commutative with O. Consequently, 

,£ = <s-J*><9 + «) = e-5(« + ^)0 = £-» 

^ = AW-*) = ei(»-«)n = <j> . 

From the last equation follows 

12 <f> = <f>o 12. 
Let now 

© = o<£ ; 

then © = — ®, ®n© = 12, and ® 2 = — 1. Consequently, © is given 
by Cayley's expression. 

We have <f> = Or 1 ® <f> ; therefore any orthogonal matrix satisfying 
the equation <j>Q<f> = 12 is the product of O -1 into two of Cayley's 
expressions. But 12 _1 <f> is orthogonal, and is also a solution of this 
equation, and consequently can be thus expressed. Whence it follows 
that tj> is given by the product of two of Cayley's expressions.* 

9. This theorem holds if Q 2 dp — 1. In this case, if c£fi<£ = £2 

and <f> is orthogonal, let <o be any fourth root of — Q 2 expressible in 

powers of Q 2 . Then 

_ « (2 
0) <jxa — yOxfxa =12. 



* The two matrices given by Cayley's expression whose product is equal to 
<t> can both be taken orthogonal. For in the equation <p = ft- 1 <p the matrices 
and <j> are orthogonal. Similarly, if ft- 1 <f> = ty = ft- 1 0' f , the two matrices 
6' and ^ given by Cayley's expression are orthogonal. Therefore, <p = Q ^ is 
the product of two orthogonal Cayleyan solutions of the equation <j> ft <p = ft. 

If the expression (ft -T)" 1 (ft + T) is orthogonal OT = Tft. Therefore, 
the orthogonal subgroup of solutions of the equation ft <p = ft in which 
a- = — 1 is generated by the totality of such expressions for all symmetric 
matrices T commutative with ft and such that | ft — T | ^ 0. 
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But <£ is commutative with O, and consequently with <o. Therefore, 

and by the last theorem we may put 

= 0,(0— fflY'^J-^Q + oiYU) (O— <oY'pa>)- 1 (0 + «BYV<a)<»~ 1 
= <o (O-Y,,)- 1 (fi+ Y a ) (O- Y^)- 1 (O + Y„) a.- 1 , 

in which Y' a , Y'p, and therefore Y a = a>Y' a ft>, Yp = wY'pu, are sym- 
metric. Whence it follows that 

4 = or 1 $ a = (O - Y a )- X (O -f Y tt ) (O - Y p )-» (0 + Y„) 

is the product of two of Cayley's expressions.* 
10. If <f> is neither symmetric nor orthogonal, let 

whence it follows that © = — ®, and © fi ® = Q. 

Let $' Q be a polynomial in © satisfying the equation © = e fl '° ; and 

let 

© = ei(»' + «')o, © = eJ(9'-«V. 

* It is not proved that the two factors of are orthogonal. But it can be 
readily proved that <£ is equal to the product of three matrices given by Cay- 
ley's expression, each of which is orthogonal ; and therefore the sub-group of 
orthogonal solutions of the equation fi <p — U can be generated by the Cayleyan 
solutions of this sub-group; or, what is the same thing, by the orthogonal 
matrices commutative with Q and of which +1 is not a latent root. 

For, if <p is orthogonal, we may put <p = <Po<t>, where <p is an orthogonal ma- 
trix of which —1 is not a latent root and <p is a symmetric orthogonal matrix, 
both </> and tf> being polynomials in cj>. (See these Proceedings, Vol. XXVIII. 
p. 219.) If now 0fi0 = fi, then <j>Sl<f> = fi, and O O = Qip . From the last 
equation follows 

Q (1 

Therefore, by (8) 

*=(sr(3-*r(s+*) 

= o> (0 - » 2 )-' (0 + » 2 ) (0 -wTa)- 1 (0 + «T») u~\ 

Therefore, <p = a— 1 <p w is the product of two of Cayley's expressions. More- 
over, the first factor, namely, (Q — « 9 ) -1 (0 + a 2 ) is orthogonal ; and, since O is 
orthogonal, the second factor of <p is also orthogonal. Therefore, </> = <f> $ is 
the product of three solutions of the equation <p(iip = (I given by Cayley's ex- 
pression, each of which is orthogonal. 
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j.ueu 


©o© = a, © n© = o, © 2 = 1 ; 






and, if 6' is 


properly chosen, —1 is not a latent root 


of ©, 


which is 


then given by Cayley's expression. 
Since © is skew symmetric, 6' O, 
Therefore, u 

© ©o = 

Whence follows w 

(®o®o)* = 
Let now 

O®o = 


0'Q, 0,6', (16', are commutative. 

®o®o- 
®o 2 ® 2 = l. 


then f = - 


-r, and r T = O. We also have 






®0®0 = 

and therefore 

r 4 = 


-r 2 ; 
1. 







A symmetric matrix m of non-zero determinant can be found to 
satisfy the equation V st T = ct. And if ct* denotes any symmetric 
square root of m, the last equation may be written 

(E75)- 1 rs7i.575r(OTi)- 1 =l; 

which, if xj/ = sr*r {mi)' 1 , becomes 

Therefore, 

T= (in*)- 1 <fr nrl, 

in which if> is orthogonal. But, since rQr=fl, \f/ is commutative 
with (nr*) -1 fi (w*) -1 - Therefore, by (9) xj/ is equal to the product of 
two expressions of the form 

[(■*)- , 0(w»)- 1 -y]- 1 [(«»)-- , 0(.»)- 1 + Y'] 
= ml (O — sriY'sri)- 1 ®* • (st*)" 1 (O + srfY'w*) (w*)" 1 
= sr* (O - Y)- 1 (O + Y) (ar*)- 1 , 

in which Y' and therefore Y = zs? Y zjl, is symmetric. Whence it 
follows that T = (sr*) -1 1/' sr* is the product of two of Cayley's 
expressions. Therefore, 

<}, = <£ <£ = fi- 1 © <£ = Q- 1 ®o © <£ 

= — r©^ 

is equal to the negative of the product of four of Cayley's expressions. 
Since — <£ is also a solution of the equation </> fl <f> = O, it is also ex- 
pressible thus. Whence it follows that <f> is given by the product of 
four of Cayley's expressions. 
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11. If <l> is real, 6 may be so chosen that <j> and <f> are real ; and 
then, if 12 is real, © = 12 -1 <£ is real. But then, since ® is real 
and skew symmetric, —1 is not a latent root of ©, which is therefore 
given by Cayley's expression. 

Whence it follows that any real matrix <f> satisfying the equation 
$12 # = 12, in which 12 is real, is the product of 12 _1 into two of 
Cayley's expressions. But Or 1 <f> is then also a real solution of this 
equation, and can therefore be thus expressed. Consequently, <f> is 
equal to the product of two of Cayley's expressions.* 

In each of the factors of <j> given by Cayley's expression, the sym- 
metric matrix may be taken real. 

12. These theorems may be extended to the real solutions of the 
equation <j>Q<f> = Cl, in which 12 is any real skew symmetric matrix 
whose determinant does not vanish. For if 12 is real, the latent roots 
of — 12 2 are all positive. Therefore, if o> denotes a fourth root of — 12 2 
expressible in powers of I2 2 , <a may be taken real. If now is a real 
solution of the above equation, we have 

_iV 12 , 12 

<lT " (!) 

12 

in which <o$a> _1 and —^ are real. Therefore, by the preceding 
theorem, 

.♦— G-"-rG+*-)s-*.r(s+*.) 

= <,, (12 - Y.)- 1 (12 + Y.) (12 - Y^)" 1 (12 + Y p ) .-», 

in which Y' a , Y'p, and therefore Y„ = m Y' a a>, Yp = m Y'p <o, are real 
symmetric matrices. 

Thus it appears that the group of real solutions of the equation 
<J> O <(> = 12 can be generated by the Cayleyan solutions of this group, 
that is, by the totality of expressions of the form (12 — Y) _1 (12 + Y), 
in which Y is a real symmetric matrix such that 1 12 — Y | :£ 0. 

§ 2. Bilinear Form, neither Symmetric nor Alternate. 

1. The problem to determine the most general solution of the equa- 
tion <£ 12 <f> = 12, in which 12 is neither symmetric nor skew symmetric, 
may, provided neither ± 1 is a latent root of 12 12" \ be reduced to the 
solution of two algebraic equations of the nth degree. 

* See ante, p. 178. 
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Thus, let 

2 o = o + a, 2 O! = o — o. 

Then, if <f> satisfies the above equation, we have, as shown by Cayley, 

and conversely. 

If neither ±1 is a latent root of O Or 1 , then | O | 4= 0, | fij j ^ 0. 
Since | O | 4= 0, O has a square root expressible by Sylvester's for- 
mula in powers of O . For the determination of this square root the 
solution of the algebraic equation | O — g | = is requisite. If fi i 
denotes any symmetric square root of B , the equation Q <f> = Q 
may be written w 

(n i)-' 4> iy . iy <*> (n i)- x = 1, 

which, if \j/ = iy <£ (fi 5 ) -1 > becomes 

Therefore, the most general expression for the matrix <f> satisfying the 
above equation is 

in which iff is an arbitrary orthogonal matrix. 

If $ fl <f> = fl, we must also have $ 1^ <f> = Oj. Therefore, 

But (9) § 1 i/r is given by the product of the three matrices. 

(n -i o, n - J - Y' a )-» (o -i n x n -J + Y' a ) 

= iy (n x - iy Y'.iyy-' (o x + <y Y' a n J) o -j, 
(n - j n t n - J - y'^)- 1 (q,-» n t n -* + y' p ) 

= iy («i - n J Y 'u <V) _1 («i + *V Y V *V) o " *> 

(Oo-JOiO,,-! - Y' Y )~> (O -lO 1 O -i + Y' y ) 

= <y (o x - iy y' v ry )- 1 (n x + iy y' v iy ) iy », 

in which Y' a , Y'p, Y' y , are commutative with O ~J fii O ~i. 

If we put Y a = O J Y' a O », Yp = iy Y' fl O i, Y y = O i Y' y O i, we 
have for <f> — O - * ^O * the expression 

(Qi-Y.^'CQi+Y.) (fi 1 -Y /J )- 1 (ni+Y„)(o 1 -Y y )- 1 (Q 1 +Y y ). 

Therefore, the group of solutions of the equation $Q<j> — O is a 
sub-group of the equation $Qi<f> = O x , generated by the totality of 
expressions 
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(Oi-Y)- 1 (Ox + Y), 

in which the symmetric matrix Y is subject to the condition that 
O ~4YO 'i is commutative with U^iilxU^i, and is such that the 
determinant of | O — Y | ^ 0. 

To find the most general skew symmetric matrix O ~$YQ ~i 
commutative with O - $OiO _ * requires in general the solution of an 
algebraic equation of the nth degree.* 

Again, since if/ is the product of three orthogonal matrices of which 
— 1 is not a latent root and which are commutative with 1; the group 
of solutions of the equation $ O <f> = O is a sub-group of the group of 
solutions of the equation $ O <f> = 12 generated by the totality of 
expressions 

q,-* (l - y)- 1 (1 + y) o i = (o - ly yiv)- 1 (o + o i Yiy), 

in which Y is a skew symmetric matrix commutative with O x and such 
that the determinant of Y — 1 is not zero. 

The sub-group consisting of the orthogonal solutions of the equa- 
tion <£ O <p — O is the group of orthogonal matrices commutative with 
O and fij. It has been shown that the group of orthogonal matrices 
commutative with Ox is generated by the totality of expressions 
(1 — Y) -1 (1 + Y) in which Y is a skew symmetric matrix commu- 
tative with Op This group contains only proper orthogonal matrices; 
and it is readily proved that the group of orthogonal matrices commu- 
tative with fi is generated by the totality of expressions (1 — Y) _x 
(1+Y) in which Y is commutative with O and such that | Y — 1 14=0. 
Therefore the group of orthogonal solutions of the equation <j>Q<j> — O 
can be generated by the totality of orthogonal matrices of which — I 
is not a latent root that are commutative with O ; that is, by the total- 
ity of expressions (1 — Y)~ x (1 + Y), in which Y is a skew symmetric 
matrix commutative with O and such that | Y — 1 1 4= 0. 

Clakk University, Worcester, Mass. 



* If the fundamental syzygy in fl ft] Q - * is of order equal to the order 
of this matrix, the most general matrix commutative with fl ~*O 1 fl - * is 
a rational integral function of this matrix. This is the case if the roots of 
the equation I ft — gQ. I = are all distinct. The fundamental syzygy in any 
matrix <f> is the polynomial in powers of <j> of lowest order that vanishes. 



